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I N T R O D U C T I O N  

The focusing of shock waves has a t t rac ted  the attention of a number of scientific invest igators  (see 
the survey in [1]). The self-shaping converging state of a shock wave has been p r imar i ly  the subject  of 
their  investigations. Since the focusing problem is in i tself  very  complex, its stability has been but little 
studied. As far  as we can a sce r t a in  there  is only one ar t ic le  [2] on stability of a converging shock wave in 
which a s imi lar  approach was employed. 

In the present  ar t ic le  a boundary-value problem is considered for a converging shock wave in a cylin-  
der or in a sphere,  as  well as  the evolution of small  multidimensional per turbat ions,  if the motion of this 
wave is towards the center  in an ideally inelastic medium whose mater ia l  puts to the tes t  the uniform con-  
solidation at the front of the shock wave independent of the wave amplitude. A s imi lar  approach was em-  
ployed in the analysis  of the motion of a diverging shock wave [3]. The behavior  of actual mater ia ls  (pow- 
ders ,  very  porous bodies) is simulated in the domain of heavy loads. The solution of this kind is suitable 
in applications such as, for example,  molding various par t s  f rom powders.  F r o m  the theoret ical  point of 
view the problem is interest ing as r ep resen t ing  a case of cumulation which can be investigated quite ad-  
equately. The resul t s  are  compared  with those of converging acoustic shock, the compar ison being signifi- 
cant for the following reasons .  For  any ideal medium a variable pa rame te r  ~ is introduced equal to the 
ra t io  of the velocity at the front of the shock wave to the sound velocity not in the front. It should be men-  
tioned that 0 - ~ <- 1 in view of a neces sa ry  condition for stability. The case of ~ = 1 cor responds  to the 
acoust ics  case.  The medium under our considerat ion is charac te r i zed  by the pa ramete r  value ~ = 0. Thus 
the acoust ic  medium and the model of the ideal inelastic medium appear to be d iametr ica l ly  opposite cases  
in.the asymptot ics  as r ega rd s  the pa ramete r  ~ .  

The tangential s t r e s s e s  can be ignored, since they a re  bounded by the yield limit,  and the p re s su re  
amplitude of the ar is ing s t rong shock wave increases  as  it a r r i ve s  c loser  to the center .  High t empera tu re s  
a r i se  at the front due to large losses  on i r revers ib le  deformations,  the yield limit vanishing in the melt ing 
state. 

The solution of the symmet r i c  convergence of a shock wave to the center  or to the axis is obtained in 
the same way as in [3]. The asymptot ics  of the solution for R - -  0 (R is the front radius) a re  also analyzed. 
It appears  that the amplitude increases  considerably more  than in the previously studied cases  of uniform 
media [1, 4, 5]. The system of equations for the amplitudes of the perturbation harmonics  is integrated 
twice and reduces  to a single ordinary integrodifferential  equation for the perturbation of the front surface.  
For  low consolidation the solution can be analyzed asymptot ical ly.  The equation is solved by numer ica l  
methods for consolidation pa ramete r s  of the order  of unity. The instability is noticed of the zeroth and the 
f i rs t  harmonics .  Other harmonics  a re  stable. 

1. Let there  be a uniform sphere (or cylinder) of radius  R 0 to whose surface one applies suddenly 
the p r e s s u r e  P0 (t) at the t ime t = 0. The load instantly reaches  its maximal value and then decreases  mono- 
tonically. The original density of the medium is P0. It is assumed that having reached a nonzero p re s su re  
at a point of the medium the density becomes equal to Pl = const. This simple f ramework is used as a 
model for porous bodies in the region of high p ressu res .  Of course ,  a shock wave will then spread f rom the 
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sur face  towards the center .  Let r = R (t) and r = R 1 (t) be the laws of motion of the front  of  the shock wave 
and of the surface ,  r e spec t ive ly ,  and let  U be the m a s s  velocity.  

A mathemat ica l  formulat ion is now given. To find the l imi ts  of the reg ion  for the motion R (t) and 
R 1 (t), a s  well  as  the functions P (r, t) and U (r,  t) defined in the region R l (t) < r < R (t) which both sa t i s fy  the 
following equations of motion and of continuity in the in ter ior  of the reg ion  and the conditions at  the front  
of the shock wave and on the surface:  

ou . ~ _ ~  I ,)P O; 
0---[ -~ U or ' Pl Or 

1 o(t,~r ") ~ O; R ~ ( t )  < r < R  (t); 
r v &- 

U=Oo/~; P=poOok ~ (r=R(t)); 
P=Po(t); U=R1 (r=R~(t)). 

(1.1) 

In the above y = 1, 2 c o r r e s p o n d t o  the case  of a cyl inder  or  a sphere  0 o = ( p l - p o ) / p l ,  R 1 (0) = R0, the dot a t  
the top denoting the t ime  der ivat ive  (1~ is the front  veloci ty  ~or the shock wave).  

It follows f r o m  the continuity equation and f rom the f i r s t  condition at the front  that  

U = 0 o R (Rlr)V; R]  '+i = (4_ - -  00) R~ -l:i -}-0oR ~+i. (1.2) 

i n se r t ing  the express ion  for  U in the f i r s t  equation of (1.1) and integrat ing with r e s p e c t  to r f r o m  
r = R to r = Ri, one obtains 

R//+ T' =g ,  (R(o)= R., h(o)= 
2 _  o. ( ,  2 -  o, 

A~ ~ 2 + In (R/R1) , A .  ~ 4 -{- B /B  t --  t 

vo (0 B~ = po (t) 
Bt = p~0o In (/r ' p~0. (n//(t -- t)" 

We set  x = R /R  0, g = P000i~2/P0(0) and consider  P0 = P0(x) without making any change in the notation, 
that is,  the load is given as  a function of the front  radius .  In our case  this  is not an essent ia l  l imitat ion.  
It is noted that  any monotonical ly dec reas ing  function P0(x) is  a s soc ia t ed  with a monotonical ly decreas ing  
function P0(t); to solve the p rob lem for any specif ic  load P0(t) one has  to find P0(x) in such a way that this 
assoc ia t ion  is observed  (the so -ca l l ed  s e m i i n v e r s e  method). Our a im is to study the behavior  of the solution 
for  x --* 0 which has  turned out to be independent of the boundary condition. Our assumpt ion  is not essent ia l  
for  a t i m e - p e r s i s t i n g  pulse on the surface  which can be s imulated by a " s tep . "  

In d imens ionless  va r i ab les  Eq. (1.2) a s s u m e s  the fo rm 

x - ~  + A~ ,g=  Bv  ( g ( l ) = t ) ,  

i 
B~ 2 0 - oo) Po (~). 2 (i - oo) ~o (z) R [ i  - oo , 0 1-~+-i-  

= i n ( R / ~ , ) P . ( O ) ,  B~-- (nm~- i )Vo(O) ,  ~] ,=L~-~r-~  o] �9 

(1..3) 

For  x --~ 1 Av and By p o s s e s s  s ingular i t ies :  A 1 and Bt, a logar i thmic  singulari ty;  A 2 and B2, a power 
s ingular i ty .  It can be shown that the solution of (1.3) is given by the imprope r  in tegra l  

where  

g(x )  = ~-~olim ((exp [-- F v ( x ,  s)] 1-8 ~ ~-lBv(~)exp [F (~, e)] d~}, 

F~ (x, ~) = S ~ - t A , ,  (~) d~. 
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By s e p a r a t i n g  the  s i n g u l a r i t i e s  t he  so lu t i on  can  be r e d u c e d  to  q u a d r a t u r e s ,  n a m e l y ,  

exp [--G1 (x)] i'~(ln~)2Bx(~)exl)lGl(~)ld~ (v = ~); 
g ..... (x In x) 2 . 

�9 l 

exp [-- G2 (x)] t ~ (l - -  ~)2 B~ (~) exp [G 2 (})l d~ (v = 2). 
g =  ~ ( l - -x )~  i 

In the  a b o v e  one h a s  

(1.4) 

Gl(x)=i[2~0~ ~ 2  Jd~._~_, 

2 2 - o . 0  + P )  e~ 
a s ( x  ) = ~_~  ~-~ ~ , 

i 

w h e r e  

-~=~(i--0o + 0o~+v)-V(~+,). 

The  func t ion  U ( r ,  x) c a n  be  found f r o m  the  f i r s t  r e l a t i o n  of  (1.2); to  ob t a in  1 ~ ( r ,  x) one h a s  to i n t e g r a t e  
the  f i r s t  equa t ion  of  (1.1) b e t w e e n  a po in t  r i n s i d e  the  r e g i o n  and  r = R 1 (and not  f r o m  r = R a s  was  done 
p r e v i o u s l y ) .  F o r  t h e s e  q u a n t i t i e s  the  e x p r e s s i o n s  a t  the  f r o n t  fo l low f r o m  (1.1). T h e y  a r e  

u = V Po'00P0 (0) e (x), p = p0 (0) g(x). 

The  func t ion  x = x (t) c a n  b e  o b t a i n e d  f r o m  the  equa t ion  

t = R o ~ / - p o O o  S dz" 
~ l r ~ - ~  ' 

and  the  r e m a i n i n g  s o u g h t - f o r  func t ions ,  a s  w e l l  a s  the  funct ion  Po, b e c o m e  known e i t h e r  a s  func t ions  of  the  
v a r i a b l e s  r ,  t o r  only  of  t .  

The  a s y m p t o t i c  b e h a v i o r  of  the  func t ions  g for  x --" 0 fo l lows  f r o m  (1.4), 

t l 
g ~  211nxl2_O ~ ( v = l ) ;  g N ~  ( v : 2 ) .  

The  a s y m p t o t i c s  of  t he  func t ions  P and U a t  the  f r o n t  fo r  x --" 0 a r e  a s  fo l lows :  
. 4  

i l 
P ~ u .v (~= I); (1.5) x z Iln x~ 2-0~ ' x [ln Xl 1-0~ 

1 t 
P Nx~+0---~; U N zL+Oo/----- ~ (~=2). 

I t  shou ld  be  no ted  h e r e  tha t  0 < 00 < 1. 

J u s t  a s  one e x p e c t e d ,  no e f f ec t  i s  e x e r t e d  on the  a s y m p t o t i c  b e h a v i o r  by  the  b o u n d a r y  cond i t ion .  

F o r  the  s a k e  of c o m p a r i s o n ,  the  c a s e s  of  a c o n v e r g i n g  a c o u s t i c  j u m p  ( l i n e a r  a c o u s t i c s )  and  of a c o n -  
v e r g i n g  shock  wave  in an i d e a l  g a s  a r e  now a n a l y z e d .  The  g rowth  of p r e s s u r e  a m p l i t u d e  in the  a c o u s t i c  c a s e  
i s P ' x  - t / 2 f o r  v =  l a n d P ~ x - l f o r  v =  1. In an idea l  gas  [4, 6] one h a s P ~ x  - k , w h e r e k ~  0.79 for  the  
a d i a b a t i c  exponen t  T = 7 /5 ,  k ~ 0.49 for  T = 0, k ~ 1.4 fo r  T "-- ~ (v = 2). I t  fo l lows  f r o m  (1.5) tha t  ou r  
c a s e  d i f f e r s  f r o m  the  a b o v e  c a s e s  in tha t  t h e r e  i s  a s t r o n g e r  s i n g u l a r i t y  ( cumula t ion  de g re e )  of  the  q u a n t i -  
t i e s  a t  the  f ron t .  I t  a p p e a r s  tha t  such a s t r o n g  c u m u l a t i o n  is  c a u s e d  not  by  the  f ron t  c u r v a t u r e  a s  in the  
a c o u s t i c s  ( o t h e r w i s e ,  the index of the  power  would  be  tw ice  a s  h igh  for  a s p h e r e  a s  fo r  a c y l i n d e r ) ,  but  by  
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the  h a r d  b r a k i n g  of the  p a r t  of the  s p h e r e  o r  of the  c y l i n d e r  a c t u a l l y  in m o t i o n  
on the shock  wave  when the  l a t t e r  a p p r o a c h e s  the  c e n t e r .  

The  b e h a v i o r  of  the  func t ions  i s  now a n a l y z e d  i n s i d e  the r e g i o n  fo r  x -~ 0. 
I t  fo l lows  f r o m  the  r e l a t i o n s  for  U (r ,  x) and  P ( r ,  x) t ha t  if  r i s  kep t  c o n s t a n t  
and with  x --~ 0 one h a s  

1 p N In (r/B1) (v~- 1); 
U ~ ~ Iln xl t-0~ x 2 i1 n xl3--0o (1.6) 

x ~--~ t -- r!n~ (v=2).  
U N r 2 ; p zi+O ~ 

The  t o t a l  k ine t i c  e n e r g y  of the  m e d i u m  i s  

R 

E = 2~p, . !"  U~dr  
R1 

and for  x --~ 0 i t  i s  a s y m p t o t i c a l l y  

E N I l n x l  ~176  ( v : t ) ;  E N x  l-~ ( v = 2 ) .  (1 .7)  

Thus  any f ixed  poin t ,  a s  w e l l  a s  the  e n t i r e  m e d i u m ,  i s  b r o u g h t  to  a s t a n d s t i l l  wi th  x - - -  0 [(1.6), (1.7)].  

I t  c an  be  shown b y  e n e r g y  c o n s i d e r a t i o n s  tha t  no mo t ion  a r i s e s  a f t e r  f o c u s i n g  and  tha t  the  so lu t ion  i s  
g iven  by  

P(r, t)=Po(t); U(r, t )=0 .  

I t  fo l lows  f r o m  (1.6) tha t  the  p r e s s u r e  h a s  a t  any  point  R t < r < R a s i n g u l a r i t y  for  R --- 0. H o w e v e r ,  
the  i n t e r v a l  e n e r g y  d e n s i t y  r e m a i n s  bounded ,  s ince  the  d e f o r m a t i o n  r e m a i n s  bounded .  The  d i s t r i b u t i o n  of 
the  s p e c i f i c  i n t e r n a l  e n e r g y  e (per  un i t  of  m a s s )  i s  g iven  by  

e = + p~iOo-P o (0) g (r/Ro). 

The  a b o v e  e x p r e s s i o n  for  the  func t ion  e was  ob ta ined  by  t a k i n g  into a c c o u n t  tha t  the  e n t i r e  i n t e r v a l  
e n e r g y  in t h i s  m o d e l  i s  t h e r m a l  e n e r g y  (the e l a s t i c  e n e r g y  i s  not  s t o r e d )  and,  m o r e o v e r ,  the  h e a t  conduc t ion  
i s  i gno red .  If  an a d d i t i o n a l  a s s u m p t i o n  i s  m a d e  on the  r e l a t i o n  of the  t e m p e r a t u r e  T to the  i n t e r n a l  e n e r g y ,  
then  the  funct ion  T = T (r) can  be  ob ta ined .  

B y w a y  of i l l u s t r a t i o n  we s h a l l  c a r r y  out s o m e  c a l c u l a t i o n s .  In F i g .  1 g r a p h s  a r e  shown of the  p r e s -  
s u r e  a m p l i t u d e  a t  the  f ron t  vs  the  f ron t  c o o r d i n a t e  ( c y l i n d e r  c a s e ) .  The  shape  of  the  l oad  a p p l i e d  to the  s u r -  
f ace  i s  " s t e p l i k e "  (the uppe r  con t inuous  cu rve )  or  r e c t a n g u l a r  (two n e i g h b o r i n g  con t inuous  c u r v e s )  and i s  of 
a d u r a t i o n  which  is  equa l  to  the  t i m e  d u r i n g  which  the  wave  p a s s e s  ha l f  o r  a q u a r t e r  of the  c y l i n d e r  m a s s ,  
r e s p e c t i v e l y ,  The  va lue  of 00 was  s e l e c t e d  a s  0.25. The  d a s h e d  l ine  shows  the  c u r v e  fo r  00 = 0.5 fo r  a s t e p -  
l ike  load .  F o r  a c o n s t a n t  load  one o b s e r v e s  a con t inuous  g rowth  of  p r e s s u r e  a t  the  f ron t ,  and  the  s m a l l e r  
0 is  ( t h a t i s ,  the  m o r e  " r i g i d " t h e  m e d i u m )  the  m o r e  r a p i d  i s  the  growth  of a m p l i t u d e  due to  s m a l l e r  l o s s e s  on 

i r r e v e r s i b l e  c le format ion .  H o w e v e r ,  i t  fo l lows  f r o m  n u m e r i c a l  c a l c u l a t i o n s ,  a s  we l l  a s  f r o m  the  f o r m u l a s  
(1.5), tha t  the  c u m u l a t i o n  i s  s l i g h t l y  s t r o n g e r  in a m e d i u m  with  a l a r g e r  00 ( th is  i s  h a r d l y  n o t i c e a b l e  in the  

g raph) .  

If  the  i m p u l s e  i s  f in i t e ,  t hen  the  p r e s s u r e  a t  the  f ron t  g r o w s  a s  long  a s  the  l oad  o p e r a t e s ;  a f t e r  t he  
l oad  has  d r o p p e d  down the p r e s s u r e  f a l l s  v e r y  r a p i d l y  - now the  d a m p i n g  t a k e s  p l a c e  in v iew of  i r r e v e r s i b l e  
l o s s e s ,  the  m i n i m u m  i s  r e a c h e d ,  and ,  f ina l ly ,  i t  r e a c h e s  the  a s y m p t o t i c  p o r t i o n  in a c c o r d a n c e  with  {1.5) 
s o m e w h e r e  c o n s i d e r a b l y  n e a r e r  the  c e n t e r  than  in the  c a s e  of  a " s t e p . "  

The  s t a b i l i t y  p r o b l e m  a l w a y s  a r i s e s  [1] when unbounded c u m u l a t i o n  i s  s tud ied .  In Sec .  2 a m o r e  c o m -  
p lex  p r o b l e m  is  so lved  on the  evo lu t ion  of  s m a l l  d i s t u r b a n c e s  d o w n s t r e a m  f r o m  the  f r o n t  of  a shock wave  
mov ing  t o w a r d s  the  c e n t e r  and  s o m e  c o n c l u s i o n s  a r e  r e a c h e d  on the  c u m u l a t i o n  s t a b i l i t y .  
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2. The effect  is now cons idered  in l inear  formula t ion  of smal l  non-one-d imens iona l  per tu rba t ions  on 
the motions of the medium which were  studied in Sec. 1. The source  of the d i s tu rbances  is the boundary at  
which sma l l  d i s tu rbances  in the applied load take place .  The ca se  of a cy l indr ica l  converg ing  wave is con~ 
s ide red  in m o r e  detail .  It is a s s um ed  that  the d i s tu rbances  a r e  constant  along a gene ra to r  of the cyl inder  
(var ia t ions of d i s tu rbances  have,  of cour se ,  no effect  on the s tabi l i ty  of cumulat ion).  Then the s y s t e m  of 
equations f o r  smal l  d i s tu rbances  in po la r  coord ina tes  r ,  ~p is given by 

Ou'_t _O(Uu') , i op" 
o--7- ~ ~--~- W = O; 

Oto' U 0 (w'r) I Op___" 
0--7 + 7 o~ + ~ o r  = 0 ;  

O(u" r) ~_ Ow" 
0~ - - - ~  = 0, (R~ (t) < r < R (t))" 

(2.1) 

In the above p ' ,  u '  and w' a r e  sma l l  pe r tu rba t ions  of p r e s s u r e  or  of veloci t ies  in r and q~, r e spec t ive ly .  

The equation of the front  su r face  is sought for in the fo rm 

r=R(t )  --/'(% t), 

where  f '  is a smal l  pe r tu rba t ion  of the front  su r face .  

S imi la r ly  as in the two-d imens iona l  case  [7, 8], one can obtain f r o m  the conserva t ion  laws at the drop 
the conditions at  the cyl inder  f ront  r = R (t) of the shock wave: 

p,  = _ 2poOoR oY"~ u' = _ 0o_~/.,o/'. 

w' 0~_~ 0/' 

(2.2) 

For  r = R l (t) the following conditions mus t  be sat isf ied:  

p '  = p~ (% t); / '  = / ~  (~) (2.3) 

Phys ica l ly ,  the second condition indicates  that  there  is a slight t ime  divergence  for the s t a r t  of the 
ex te rna l  load at dif ferent  points of the cyl inder  sur face .  

The p rob lem of sma l l  pe r tu rba t ions  beyond the converging cyl indr ica l  shock wave is then reduced  to 
a ma themat i ca l  p rob lem of finding the functions u ' ,  w ' ,  p ' ,  f '  which sa t i s fy  Eqs.  (2.1) and the conditions 
(2.2) and (2.3). The s y s t em  of equations (2.1) is el l ipt ic  and a boundary-va lue  p rob lem is fo rmula ted  for  the 
l a t t e r .  

The following change of va r i ab l e s  i s  c a r r i e d  out: 

u=u'Ro/r; w=w'r/Ro; p=p'Tlo/(plRR); f=['Oo/Ro; (2.4) 

h=r~/R~;  x = R U R 2 ;  z~ R t / R o = t - - O  o + 0 ~  

and the unknown functions a re  sought for in the fo rm of Four i e r  expansions:  u, p, f in sinn~0 and w in 
cosn~O. The s y s t e m  of equations (2.1) and the conditions (2.2) and (2.3) for the ampl i tudes  of the ha rmon ic s  
r e su l t  in 

Ou n Ourt 
~ = 0 ;  

Ow,~ Ow n ~- np,~ = 0; 0 (unh) 
or + Oo ~ --  2 oh 

(~t < h < 3); 

d/,~ 
p~ = --  4 ( l - -  O0)Xi ~ ; 

n ~ "  n 

~h = 0; 

u~ = - 2 h  d/~ - ~ ;  u , = n h l ,  ( h =  T); 

(2.5) 

( 2 . 6 )  
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Fig .  2 

P .  = P=0 (x); /~=/~0 (h=T~), (2.7) 

w h e r e  n is  the  o r d i n a l  n u m b e r  of  a h a r m o n i c  (n = 0, 1, 2 . . . .  ),  the  v a r i a b l e s  Pn, Un and  
w n a r e  of the  d i m e n s i o n  of  the  v e l o c i t y ,  and  the  r e m a i n i n g  v a r i a b l e s  a r e  d i m e n s i o n l e s s ;  
s i m i l a r l y  a s  in the  l a s t  s e c t i o n  the l oad  p e r t u r b a t i o n  i s  s p e c i f i e d  a s  a funct ion  of the  
f ron t  r a d i u s ,  and  with  no change  in the  no ta t ion  i t  i s  c o n s i d e r e d  tha t  R = R(T) .  

I t  is  e a s y  to  change  the v a r i a b l e s  (2.4), s i n c e  the  f i r s t  two equa t ions  of  (2.5) have  
c o n s t a n t  c o e f f i c i e n t s  and the  i n t e g r a t i o n  doma in  in the  p lane  of  h, �9 i s  a t r i a n g l e  (F ig .  2) 
0 <  ~" < 1, 1 - O  0+o0~- < h <  ~- whose  s i d e s  a r e h = ~ "  (the f r o n t o f t h e  shock  w a v e ) ,  
h = 1 -O  0 + O0r (the c y l i n d e r  s u r f a c e ) ,  and  r = 0 (the f o c u s i n g  ins tan t ) .  

One e l i m i n a t e s  Pn f r o m  the f i r s t  two equa t ions  of (2.5); the  ob t a ined  r e l a t i o n s  a r e  then  i n t e g r a t e d  b e -  
tween  u n and w n f r o m  any poin t  of  the f ron t  h = �9 back  into the i n t e g r a t i o n  r e g i o n  a long  the  s t r a i g h t  l ine  
p a r a l l e l  to the  b o u n d a r y  h = 1 - 0 0  + 00T; f ina l ly ,  the  funct ion  Un is  e l i m i n a t e d  f r o m  the  ob ta ined  equa t ion  and 
the  t h i r d  equa t ion  of  (2.5). One thus  a r r i v e s  a t  an  equa t ion  fo r  w n, n a m e l y ,  

2 02Wn Out n ~2 
h - - ~ - + h - - ~ - - - - ~ w , ~ = , , .  (2.8) 

In the  above  one h a s  

w h e r e  

, .  ,) 2 o.(, @ 

h - -  Oox 

" I =  1--0o" 

What  is  n o t i c e a b l e  about  Eq. (2.8) i s  tha t  i t s  l e f t - h a n d  s i d e  c o n t a i n s  no d e r i v a t i v e s  wi th  r e s p e c t  to  ~" 
and i t s  r i g h t - h a n d  s ide  depends  on the  v a l u e s  of  w n and u n at  the  f ron t  h = ~. If  one w i s h e s  to r e d u c e  the  
p r o b l e m  to the  f ind ing  of a s i ng l e  funct ion ,  one e x p r e s s e s  u n and dwn/dh  a t  the f ron t  in t e r m s  of  f n -  The  
funct ion  u n ( r ,  m-) is  r e l a t e d  to f n  (r) by  the  s econd  r e l a t i o n  of (2.6). D i f f e r e n t i a t i n g  the t h i r d  r e l a t i o n  of  (2.6) 
in the  c o o r d i n a t e  s y s t e m  which m o v e s  t o g e t h e r  with the  u n d i s t u r b e d  f ron t  one ob ta in s  

ax 4---a'h ~ - n  dT 

and by e l i m i n a t i n g  dwn/dm" by  v i r t u e  of  the  s econd  equa t ion  of  (2.5) and  the  f i r s t  cond i t ion  of (2.6) one f inds  

OWn n d ( h / n )  . ,:. d]n  
= ~nzt - ~ ;  

dlh t - -  Oo dT 

, ~ = h  h l - - e 0  dn n ~ j j .  

One now ob ta ins  a l l  the e x p r e s s i o n s  in the  s q u a r e  b r a c k e t s  a s  func t ions  of ~ by the  f o r m a l  r e p l a c e -  
m e n t  of �9 by ~.  

The  cond i t i on  for  w n on the c y l i n d e r  s u r f a c e  fo l lows  f r o m  the s e c o n d  equa t ion  of  (2.5); the  f o r m e r  i s  
c o n s i s t e n t  with the  t h i r d  cond i t ion  of (2.6), 

u= = - -~ J p~o(~') a r  + . ~ / ( t ) / . 0  ~ ~ (T) 
t 

(h-- - - i - -Oo+Oo~) .  

A n o t h e r  independen t  v a r i a b l e ,  [ = (n lnh) /2 ,  i s  now i n t r o d u c e d .  One h a s  

02W~ 
A < ~ < B : u~  - -  u'n = ~n;  (2.9) 
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In the above 

0u '  n ; = . 4 :  z<,~=l~:( '0; ~ - = r t ~ ( T ) ;  

~ = B :  w~ = rt (-:); 

( s , , o )  = i,,o, % = 1 

(2.10) 

A = ~ l n r ;  B = - { - ~ - l n ( l  0o§ ~ , = n h D , ;  

1~~=2x t--0o d~ -~TJ" ~,[~(h),x;]~l=%~ (h,'rlf,0. 

The or iginal  p rob lem has  thus been reduced  to the p rob lem of de te rmin ing  two functions:  w n (~, T) 
and f n ( r )  which sat is fy  Eq. (2.9) together  with the boundary conditions (2.10). The la t t e r  p o s s e s s  the fol-  
lowing spec ia l  f ea tu res .  In Eq. (2.9) t he re  a p p e a r s  a de r iva t ive  of w n with r e s p e c t  to % The function fn{~') 
and i ts  f i r s t  der iva t ive  appear  on the r igh t  of (2.9), and in the conditions (2.10) as  a boundary  function. The 
p r o c e s s  of obtaining the solution can t he re fo re  be subdivided into two s tages .  F i r s t ly ,  one obtains i ts  solu- 
tion by r ega rd ing  (2.9) as an ord inary  inhomogeneous di f ferent ia l  equation for w n. The function f n  is con-  
s idered  as known, the var iab le  T is cons idered  as  a p a r a m e t e r ,  and s ince the number  of conditions exceeds  
by one the number  of unknowns, only the second and the th i rd  boundary conditions of (2.10) a r e  taken into 
account.  In the solution thus obtained w n is e x p r e s s e d  in t e r m s  Offn .  Subsequently,  by sa t i s fy ing the f i r s t  
condition of (2.10) one a r r i v e s  a t  an equation for the single function f n .  

The G r e e n ' s  function F (~, ~) for  Eq. (2.9) which sa t i s f i e s  the conditions 

-~-~{;=. = 0 ,  F ( B , ~ ) =  0; 

is given by 

i ch(~ - -  A) sh(~--  B) 
r  ' ~ ~ ~' 

F ~ ~ ch (~ -- A) sh (~-- B) 

The solution of Eq. (2.9) with appropr ia t e  boundary conditions can now be wr i t ten  as  

B 
sl~ (~ - -  B)  ch (~ - -  A)  

X 

The l a s t  of the boundary conditions (2.10) is now sat isf ied and a f te r  some t r a n s f o r m a t i o n s  one a r r i v e s  
at the following in tegrodif ferent ia l  equation for f n :  

! 

<,i: f(duo ) a --~ = 2\ d,I -~- c]n (rl) + d d~l; 
T 

<u,, I r.o ( o 
/n(l)=[no, ~,lr {-t=l 4(1_0o)/)(1) 

( 2 . 1 : )  

In the above one has  

' h (~.,,"-' ~--.<~). o = n - ~ d ~ ( 1 + o ) ( C / ~ - ~ - " r - ' 1 ; .  , b .... 7 - -  

n (i --F o ) / ~  ((z,,:'-' c:-- V i-~--07 i -o~--,,i"); d = : p ~ o O ) ;  o~=:(~l+O:)/( i+O~); 

~ . = ( I  i-O)W(i + 0~); O=-Oo(i--O,,); h=)~(~). 
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Having found f n  [solving (2.11) numer ica l ly  is not pa r t i cu la r ly  difficult] the r emain ing  sought-for  
functions a re  now found, since they can be e x p r e s s e d  by means  of f n '  

The solving p roce s s  is  now studied for  smal l  va lues  of the p a r a m e t e r  O. Different ia t ing both s ides of 
Eq. (2.11) with r e s p e c t  to r and neglecting smal l  quanti t ies for  0 << 1 one obtains the equation 

d~Tn t [1 2V X d In (/~ (x)) -t- 2n (t + x 2n) ] dTn n2 - 2 n R  (x) Pno (x) 

where 

-7 . (x)=/ . (T(x))=Mx~).  

The same  equation could be obtained by ignoring smal l  quanti t ies of higher  o rde r s  in Eqs. (2.1) and 
then reducing this  s implif ied p rob lem to an equation for the single function f n "  

Asymptot ica l ly ,  the function 7 n for  x -* 0 (denoted by ~n) sa t i s f i es  the equation 

x d#',~ . d~,~ -- ~ n x - ~  4- n2]n = O, 

whose genera l  solution is given by 

~(i) ~(n2) 
7". = c1~ " + c** , 

where Cl and c2 a r e  constants  and ~,(n 1),(2) = n + 92 ~" 4~n + 1/4. 

The  a s y m p t o t i c  b e h a v i o r  of f n  for  x -* 0 depends  on the  va lue  of the  l o w e s t  exponent ,  t h a t  i s ,  

t "-H 

1,~ (x u) x (2.12) 

with n +  112 - 4~n + 114>- 0 (n = 0, 1, 2 . . . .  ). 

The stabil i ty or  instabi l i ty of s y m m e t r i c a l  focusing is c h a r a c t e r i z e d  by the ra t io  of the per tu rba t ion  
ampli tude of the front  sur face  to the front  rad ius ,  

t - - t ,  n = 0  
' V~-++ ~ = - - 0 . 6 1 8 ,  n = l  (2.13) 

- z '~x%~;  r 1 6 2  ~" ( 0, n = 2  

~ > 0 ,  n > 2 .  

The f i r s t  harmonic  is thus unstable,  the second is  r e l a t ive ly  stable,  and a ha rmonic  n > 2 is absolutely  
stable (of course ,  the harmonic  with n = 0 does in no way indicate the focusing s t ab i l i t y ) .  One notes at the 
s ame  t ime  that  one has  7 n --* 0 (n = 1, 2, . . . .  x --~ 0), that is,  the front  con t rac t s  towards  the center  of the 
axis  though not a s y m m e t r i c a l l y  in view of~l/X--* 'r (x --* 0). 

Since at  the front  the quanti t ies p~/P ,  un/U and dfn /dx  a r e  of the s ame  order  for  x -* 0, t he re fo re  
the asymptot ic  fo rmulas  for the re la t ive  quanti t ies of p r e s s u r e  d is turbance and veloci ty a r e  s imi l a r  to 
(2.13). 

These  r e s u l t s  a r e  now com pared  with the acoust ic  case .  The growth of pe r tu rba t ions  at  the f ront  of 
a converging acoust ic  jump is Nx-1. Consequently,  in acous t ics  the instabi l i ty mani fes t s  i t se l f  m o r e  
s trongly:  for n = 1 the growth r a t e  of d i s turbances  is cons iderably  higher than for  the case  under cons ide ra -  
tion; for n = 1 the s ingular i ty  p e r s i s t s  inthe acoust ic  case  but it vanishes  for  (2.13). In acous t ics  [1] the 
focusing is dis turbed and " s p r e a d s  ove r"  a finite region.  In this case  the f ront  con t rac t s  towards  the cen-  
t e r .  However,  due to the growth of d i s turbances  the solution obtained loses  its force  and the p rob lem of 
a s y m m e t r i c  focusing r e m a i n s  an open problem.  
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To t a k e  into accoun t  the  d e p e n d e n c e  of the  b e h a v i o r  of f-n and Pn a t  the f r o n t  on the  p a r a m e t e r  0 a 

p r o g r a m  for  a n u m e r i c a l  s o l u t i o n  of Eq.  (2.11) w a s  c o n s t r u c t e d  us ing  the  f i n i t e - d i f f e r e n c e  me thod .  

The  r e s u l t s  a r e  shown in F i g s .  3 -6 .  Cont inuous  c u r v e s  show = (x), and  d a s h e d  ones ,  - p n / P  = 
Pn (x ) /P  (x) fo r  the  v a l u e s  e = ( P l - P o ) / P o  = 0 . 1 ,  2, 0. The  input  da ta  for  the  c o m p u t a t i o n s  w e r e  

Lo= ; = - 1 ,  
d2 I x = t  

It  can  be  seen  f r o m  the  g r a p h s  tha t  fo r  0 = 0.1 the  a s y m p t o t i c s  b e g i n  for  x ~ 0 . 2 - 0 . 3  b e i n g  in a g r e e -  
m e n t  wi th  the  r e s u l t s  of (2.12) and (2.13) v a l i d  fo r  0 << 1. By c o m p a r i n g  t h e s e  c u r v e s  with t h o s e  c o r r e -  
s p o n d i n g  to  the  va lue  0 = 2.0 s e v e r a l  q u a l i t a t i v e  d i f f e r e n c e s  can  be  n o t i c e d :  fo r  0 = 2.0 o s c i l l a t i o n s  of  the  
p e r t u r b a t i o n s  can  be  o b s e r v e d .  H o w e v e r ,  the  s t a b i l i t y  for  the v a l u e s  of  0 of the  o r d e r  of  uni ty  i s  found 
s i m i l a r l y  a s  in the  c a s e  of 0 << 1. 

To e x p l a i n  the  p e r t u r b a t i o n  e f f ec t  o u t s i d e  the  f ron t  r e g i o n  the  d i s t u r b a n c e  w a s  e v a l u a t e d  of  the  n o r m a l  
? 

v e l o c i t y  of p a r t i c l e s  of the  c y l i n d e r  s u r f a c e  u n. The  d i s t u r b a n c e  g r o w s  m o n o t o n i c a l l y ,  r e m a i n i n g  bounded  
for  x --* 0. T h i s  p a t t e r n  of u n s e e m s  n a t u r a l ,  s i n c e  a f lu id  c y l i n d e r  a c t e d  upon by  an a s y m m e t r i c  p r e s s u r e  
on the  s u r f a c e  b e c o m e s  l a r g e  in the  c o u r s e  of  t i m e .  

The  c a s e  of a s p h e r e  is  b r i e f l y  c o n s i d e r e d .  F o r  0 << 1 fo r  the  a s y m p t o t i c s  of  the  r a d i a l  c o m p o n e n t  
f n m  of the  d i s t u r b a n c e  of  the  f ron t  s u r f a c e  one o b t a i n s ,  a s  in the  p r e c e d i n g  c a s e ,  the  equa t ion  

_ dC/nm ~- x :~ ~ - -  (2n + t) x dSnrn - ~  + n (n + t) 1~., = 0. 

The  l o w e s t  exponen t  X n fo r  p a r t i c u l a r  so lu t i ons  x xn  of t h i s  equa t ion  i s  ~n = n + 1 -  4 n  + 1. T h e  
a s y m p t o t i c  f o r m u l a  for  f n m / X  is  g iven  by  

1 n m / X ~  X n __ I ~l+l 

F o r  n = 1 t h i s  exponen t  is  ~ - 0 . 4 3 ;  for  n > 1 i t  i s  p o s i t i v e .  
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There fo re ,  all  our conclusions as  r e g a r d s  the focusing instabil i ty in the cyl inder  case  r e m a i n  a lso  
valid in the spher ica l  case .  

In conclusion, one should mention the following. The p rob lem of a converging shock wave was analyzed 
mathemat ica l ly  with sufficient comple teness  in view of the s impl ic i ty  of the chosen s tate  equations.  F r o m  
the physics  point of view the analyzed case  is interest ing,  since it d i f fers  f r o m  the other analyzed ca se s  of 
focusing for  shock waves in homogeneous media  by a high degree  of cumulat ion.  The analys is  of the a s -  
ymptot ics  of the dis turbance ha rmon ics  has  shown that  only two ha rmon ics  can grow (the null and the f i r s t  
one), the s ingular i ty  of the harmonic  with n = 1 being sma l l e r  than in acous t i cs .  T h e r e f o r e ,  our case  of 
s t ronges t  cumulat ion is at  the same  t ime  of "highest  s tabi l i ty ."  

It  was  mentioned in the introduction that the fact  that  the ideally inelast ic  and the acoust ic  media  a r e  
l imit ing models  of ideal media  as r e g a r d s  the p a r a m e t e r  ~r enables one to put fo rward  a hypothesis  that  for  
an ideal medium which only differs  substant ia l ly  f r o m  the l imit ing one by the value of the p a r a m e t e r  n our 
r e su l t s  a r e  of in te rmedia te  cha rac t e r .  

The focusing stabil i ty in a complex ideal medium was studied in an approx imate  manner  in [2], and 
for low frequencies  the r e s u l t  of uns t ab l e  s y m m e t r i c  focusing was  obtained. According to the s t a tement  
made by the author in [2] this  r e s u l t  becomes  asympto t ica l ly  exact  for n -~ 1. Since in our case  the a s -  
ympto t ics  in the p a r a m e t e r  n a r e  different  (~r --* 0), the r e su l t s  obtained in the above-c i t ed  a r t i c l e  and by 
us do not over lap .  

The author would like to thank N. V. Zvolinskii  for  his comment s .  
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